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ABSTRACT Cell surface receptors bind extracellular ligand molecules and transport those ligands into the cell by a
process termed receptor-mediated endocytosis. Receptor and ligand molecules are sorted from one another after
endocytosis, apparently within a structure consisting of intracellular vesicles and connected thin tubules. The
experimental observation is that most free (unbound) ligand molecules are found in the lumen of the vesicles and
receptors are located primarily within the tubules. Because equilibrium and geometric considerations do not explain this
segregation, a kinetic scheme involving the passive diffusion of molecules from a vesicle into a tubule is investigated. .
Two possible sorting mechanisms are considered: first, that receptors are able to move into tubules more rapidly than
ligand molecules due to an advantage in dimensionality and, second, that receptors diffusing into tubules are trapped
there while ligands are not. Mean diffusion times for receptor and ligand movement into a tubule are calculated by
solving Poisson’s equation in two and three dimensions, respectively, on the surface of and within a sphere. Using
estimated parameter values, we found that only the second scheme is able to account for the experimentally observed
sorting. An estimate is obtained for the length of time a tubule and vesicle must be connected in order to remove a
significant number of receptors into a tubule. The fraction of free ligand that is “mis-sorted™ with the recycling receptor

population and thus exocytosed is also determined.

INTRODUCTION

Specialized cell surface molecules, receptors, are able to
bind extracellular ligand molecules and, among other
functions (e.g. signal transduction, adhesion), mediate
their transport into the cell itself. A wide variety of
molecules are internalized by eucaryotic cells through this
highly specific process known as receptor-mediated endo-
cytosis (RME). In this way, hormones and growth factors
(e.g., insulin, epidermal growth factor), carrier molecules
(e.g., low density lipoprotein, transferrin), and substances
to be removed from the body (e.g., asialoglycoproteins) are
taken up.

The basic features of this internalization process have
been described in a number of reviews (1-4) and are
summarized in Fig. 1. Cell surface receptors, generally
transmembrane glycoproteins with a high affinity for a
particular macromolecule, bind ligand present in the cell’s
local environment. In many cases, the newly formed recep-
tor-ligand complexes cluster in specialized membrane
regions, called coated pits, which are characterized by the
presence of the protein clathrin. The plasma membrane
then invaginates, pinching off vesicles containing the com-
plexes. Within these intracellular vesicles, or endosomes, a
sorting process occurs. Typically, ligands are delivered to
lysosomes whereas receptors recycle to the cell surface to
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bind more ligand molecules. For example, Schwartz et al.
(5) have found that asialoglycoprotein receptors are recy-
cled after endocytosis and their ligand, asialoorosomucoid
(ASOR), is degraded in lysosomes. In other cells, low
density lipoprotein (LDL), the cholesterol transporting
protein in human plasma, is degraded in the lysosomes to
liberate cholesterol; its receptor apparently cycles continu-
ously (6).

The mechanism of this sorting process is not known.
Investigators suspect that prior to actual physical segrega-
tion the receptor and ligand must dissociate. Because the
rate constants for dissociation of the receptor-ligand com-
plex are frequently pH-dependent (7, 8, 9), the measure-
ment of a low endosome pH (10, 11) suggests that a pH
shift accomplishes the dissociation. For example, very little
epidermal growth factor (EGF) dissociates from its recep-
tor after 15 min at pH 7.5, but about 90% dissociates after
the same time at pH 5.5 (9). Thus the ligand in an
endosome is likely to have dissociated from its receptor.

Although the acidic environment of the endosome can
hasten the dissociation of the receptor-ligand complex, this
pH shift cannot explain the segregation of the two species
that must occur if they are to follow different intracellular
pathways from this point on. Electron micrographs are
currently the best direct evidence for the segregation of
receptors and ligands within the cell. Geuze et al. (12) have
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FIGURE 1 The endocytic cycle. Receptors mediate the transport of

ligand from the extracellular environment to the interior of the cell.
Receptor and ligand are sorted intracellularly, allowing receptor recycling
to the cell surface and ligand delivery to lysosomes.

shown that endosomes are associated with tubules and that
while most free ligand molecules are found in the lumen of
the vesicles, receptors are located primarily in the tubules
or at the tubule entrance. Other investigators have seen
similar structures (11,13, 14, 15). Sorting apparently
occurs at this location, in a structure termed the compart-
ment of uncoupling of receptor and ligand, or CURL (12).
A reasonable interpretation is that after the receptor-
ligand complexes dissociate, ligand molecules remain free
in the vesicle lumen and receptors move into the tubules.
These tubules may either become, or empty into, recycling
vehicles able to transport their contents back to the cell
surface.

The sorting process is a critical step in the endocytic
pathway because at this point the paths of receptor and
ligand molecules are determined. Inefficient sorting,
whether intentional for purposes of down-regulation (a
decrease in the number of available cell surface receptors
upon exposure to ligand) or unavoidable due to the sorting
mechanism, may result in receptor degradation or ligand
exocytosis (the return of ligand to the cell surface).
Both of these phenomena have been observed
in amounts that vary with experimental conditions
(6,7, 16, 17, 18). Thus an understanding of the intracellu-
lar sorting of the two populations is critical to an overall
understanding of the endocytic cycle, the kinetics of recep-
tor recycling and down-regulation, and ligand exocytosis.

To explain the segregation of the receptor and ligand
populations quantitatively, we first considered a simple
mechanism: that CURL tubules, with a higher surface
area to volume ratio than the vesicles, accomplish the
segregation by an equilibration of receptor and ligand
molecules between the two compartments. Marsh et al.
(15) have estimated that 60-70% of the volume and
30-40% of the surface area of the CURL are contained in
its vesicular portions, implying that diffusion and equili-
bration of receptors and ligands throughout the structure
would prevent a third of the receptors from recycling. This
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degree of receptor loss contradicts experimental measure-
ments on many systems (9, 16). Thus an equilibrium
mechanism does not explain the sorting process, and a
kinetic explanation for sorting is necessary. In this paper
we consider two possible kinetic processes for intracellular
receptor/ligand sorting, based on diffusion of the ligand
and receptor molecules in the endosome.

MODEL DESCRIPTION

In an attempt to elucidate the mechanisms by which
intracellular receptor/ligand sorting is accomplished, we
begin with the assumption that dissociated receptor and
ligand molecules move by passive diffusion within CURL,
the sorting chamber of the cell. Our model for sorting will
require knowledge of the rates at which receptor and
ligand molecules enter tubules for endocytic vesicles.

We first consider the possibility that receptors are able
to segregate from ligand molecules by moving into CURL
tubules at a greater rate. The rate constants for the
movement of receptor and ligand molecules into tubules
are likely to be very different. Receptors, which diffuse on
the surface of the vesicle, need only search in two dimen-
sions for a tubule entrance. The ligand, on the other hand,
must search in three dimensions. Adam and Delbriick (19)
found that the mean time for a molecule to diffuse to a
target is strongly dependent on the dimensionality of the
system. While the ligand has the advantage of a diffusion
coefficient that is likely two to three orders of magnitude
greater than that of the receptor, the receptor experiences
the advantage of lower dimensionality in its search. The
time it takes each to find a tubule entrance will depend on
the vesicle radius, the appropriate diffusion coefficient, the
number of tubules connecting with the vesicle, and the size
of a tubule entrance.

Using our calculated transport rate constants and appro-
priate parameter values, we can determine whether the
receptors are able to reach the tubule entrance more
rapidly than the ligand molecules. The receptor’s advan-
tage in dimensionality may result in a greater rate of
transport of receptors to the tubule entrance, and we are
interested in the circumstances under which this possibility
could be realized. Our analysis allows this possible sorting
mechanism to be evaluated.

Second, we consider another possible sorting mecha-
nism. Clathrin, a protein thought to play a role in trapping
receptors in coated pits on the cell surface, has been noted
to be present around CURL tubules (12, Geuze, H.J., and
J.E.AM. Zijderhand-Bleekemolen. Personal communica-
tion). Thus receptors moving into the tubules may be
unable to diffuse back out. The ligand molecules, on the
other hand, may diffuse into and out of the tubules and
eventually equilibrate between the vesicular and tubular
volumes of CURL. For this mechanism, then, the time
required for a significant fraction of the receptors to move
into a tubule must be calculated, as well as the amount of
ligand that would also be found in the tubules.
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FORMULATION OF THE MATHEMATICAL
MODEL

We want to investigate the movement of receptor and
ligand molecules toward a tubule entrance on the surface
of the cell’s sorting chamber, CURL. More specifically,
the mean time or its inverse, a rate constant, for a molecule
of each species to reach a tubule is to be calculated. As
shown in Fig. 2, the CURL is modeled as a sphere of radius
R to which is attached a single thin tubule of radius b. The
critical angle 8, is defined as the ratio b/ R. The assumption
that at any given time only one tubule entrance is available
to receptors and ligands is reasonable in view of the electron
micrographs of Geuze et al. (12) and is made for simplicity.
Calculations might also be done for the case of multiple
tubules, as suggested by the measurements of Marsh et al.
(15), but the general character of the rate constants is likely
to be found from the single tubule model.

Initially, receptors are located randomly on the spherical
surface and ligand molecules randomly within the sphere.
We temporarily assume that the tubule entrance is per-
fectly absorbing for receptor and ligand molecules, in order
to calculate and compare the rate constants for the trans-
port step from the vesicle to the tubule.

In related problems, other investigators have calculated
rate constants for the binding of extracellular ligand to
receptors on the surface of a cell (20, 21, 22). The most
common approach is to postulate a constant ligand concen-
tration far from the cell and solve the steady state diffusion
equation for the region exterior to a sphere with mixed
boundary conditions at the sphere surface. In our problem,
because the ligand molecules in a CURL diffuse within the
interior and not on the exterior of a sphere, finding the
mean time to reach the tubule entrance would require the
solution of an unsteady state diffusion equation. We choose
instead a simpler technique.

Berg and Purcell (20) and Szabo et al. (23) derive an
equation for the mean time required by a molecule moving
in n dimensions to reach a target when there is no
interaction potential between the molecule and the sink

D,V W +1=0, 1)

where D, is the appropriate diffusion coefficient and V,” is
the Laplacian operator in the relevant dimension and
coordinate system. The mean time to capture, W, is a

FIGURE 2 Model geometry. CURL is modeled as a sphere of radius R
to which is attached a single thin tubule of radius b. The angle 4, is equal
to b/R and defines the size of the tubule opening.

function of the initial or starting position of the molecule
and is approximately the inverse of the rate constant for a
molecule finding the tubule entrance (23). Because a finite
mean capture time is generated by the initial placement of
a molecule in the vesicle and all initial positions are equally
likely, there is a constant source term in the equation.

The mean capture time equation, Eq. 1, can be used for
both species. For the receptor, the equation becomes

AW W
a(sina ") L9 "]+1=0

R
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-

-R6=6, (2

where Dy is the diffusion coefficient for the receptor in the
membrane. The boundary conditions are

WR = 0 0 = 0‘: (3a)
Wy

= 0=m. 3b

% 0 1r (3b)

For the ligand, analogously, the mean time equation for
W, is
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subject to the following boundary conditions:

W,=0 #=R,0=86, (5a)
W,
7?;0 #=R,0>0 (5b)
Wil = 0) = Wilp = 2) (5¢)
W, oW,
—F(p=0)=——(p=2m) (5d)
I I
aw
= -0 o-m (5¢)

D, is the diffusion coefficient for the ligand in the CURL
lumen. Egs. 5¢ and 5d are periodic boundary conditions
and Eq. Se states the condition of boundedness on 6. We
assume that the tubule entrance is equivalent to a spherical
cap and not the disk formed by removing that cap. For
small values of the angle 6., the two assumptions are
equivalent.

SOLUTION OF MODEL EQUATIONS

The mean times for receptor and ligand molecules to
diffuse randomly from within the vesicular portion of the
CURL to the tubule entrance are found from the solution
of the appropriate mean capture time equations.
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Receptor Diffusion

The straightforward solution to Eq. 2, which describes
receptor diffusion, is

2
We(6) = R

Dn t=R0=4, (6)

1 —cos@
1 — cosé,

where @ is the initial angular position of the receptor. After
averaging over all possible initial positions, the average
mean capture time W; is obtained

— R?
Wr = D—Rfk(oc)a (7a)
where
2
2In|————
n [l — cos 0,,.]
Je(6:) = — 1. (7b)
1 + cos 8,

This result was previously reported by Bloomfield and
Prager (24) in their calculation of the attachment rate of
tail fibers to bacteriophages.

Ligand Diffusion

The mean capture time equation for the ligand is more
difficult to solve because the boundary conditions on the
surface of the sphere are mixed; over part of the surface the
boundary condition is that of no flux while over the
remainder of the surface an absorbing boundary is speci-
fied. This equation is solved using an approximate Green’s
function technique suggested by the work of Brunn (22).

To solve Poisson’s equation inside a sphere with mixed
boundary conditions on the surface, Eq. 4, the Green’s
function for a simpler problem, Laplace’s equation with a
constant flux boundary condition over the entire surface of
the sphere, is found. This Green’s function is then used to
treat both the inhomogeneity in the equation itself and the
inhomogeneity in the boundary condition. The boundary
condition inhomogeneity can be more easily seen by rewrit-
ing boundary conditions in Egs. 5a and 5b as

awy
of

-0 F=R8>8, (8a)

AW,
ot

#0 #=R0=<4.. (8b)

The flux of ligand into the sink (8 < 6.) is an unknown
function of the angular position 4.
The Green’s function for Laplace’s equation is

1 R
G, 0p1,0,0) = —
( (2 ¥ ) 4 [(R‘ + #2812 — 2%r' R? cos 7)1/2

+ 1 In 2R
R \R? —it'cosy + (R* + %' — 2¢'R?cos v)'/?

+ (#* + 7 — 27 cos 7)"/2J, )
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where (F, 6, ) are the coordinates of the observation point
f and (¢, ¢, ') are the coordinates of the source point f'.
The angle vy between (8, ) and (8, ) is given by

cos y = cos 8 cos 8’ + sin 8 sin 8’ cos (¢ — ¢'). (10)

The Green’s function satisfies boundary conditions 5Sc, 5d,
Se, and the constant flux boundary condition

G -1

°u _ ¢ =R 1
o 4xR? (1

By defining dimensionless variables for radial position,

(12a)

oy
I
”l L 1

I
->

|

¢ (12b)
the Green’s function can be rewritten as

1
G, 0,08,0,¢) = —— (1 + £28? — 288 cosy)~ 2
4R

+ (& + &7 - 248 cos y) V2

2
+ ln ((1 — EE' cos ,Y) + (1 + EZEIZ _ ZEE'COS ‘Y)I/Z)J’ (13)

which has dimensions of length~!.

The inhomogeneity in Eq. 4 due to the source term
—1/Dy is now accounted for by a volume integral, and the
inhomogeneous boundary condition (Eq. 8b) by a surface
integral. The general solution to Eq. 4 is

1
Wit 0 0) = o [[] G&.b.0:8.0 )av

a
5

S'sink

G 0,0,1,0°,0)dS" + C. (14)
£=1

The surface integration here and in later integrals is
performed only over the surface of the sink because
AW, /d¢l,., is equal to zero elsewhere. The specification of
Neumann boundary conditions in finding the Green’s
function means that the solution for the mean time W] can
only be determined, at this point in the development of our
solution, to within a constant C.

Two unknowns in Eq. 14 prevent us from solving for the
mean time directly. The first is the radial derivative of W
appearing inside the surface integral, and the second is the
constant C. We now introduce the approximation that
OW, /3t does not vary significantly over the sink and
replace the derivative by its average,

j=avg[aa—p:l‘at£=l,050c]. (15)

This approximation should work well for small values of 8,
and allows us to remove the derivative from within the
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surface integral. Applying Fredholm’s Alternative (25),
the requirement of solvability, to the approximate equa-
tion

WLk, 0, ¢)~DLL JIf, 60,0800 0av"

+j [f G&6.0:1,604)dS" + C (16)

S sink
we find that

—2R

=T “

J

To find the remaining unknown, C, in Eq. 14, we apply
the boundary condition in Eq. 5a to require that the mean
capture time is zero at the sink, or

0= %L[/'fy G(1, 6% o* £, 8", &)dV"

+J [ff 6(1,6% 6% 1,8,0)S" + C, (18)
S sink

where (1, 6*, ¢*) is a point on the sink. The two integrals
are approximated by their average value over the sink, and
we define the dimensionless integrals

1
B = R13'8 [j:fy G(1,8% % £, 0, ¢')dV'] (19a)

1
= — * *. L) ’
Bz—Ravg‘ ij(l,G ) ,l,0,<p)dS]. (19b)

sink

The solution for Cis then

2
c R—(‘w’ - m). (20)

“ D \362

Combining Eqs. 14, 17, and 20, we obtain the mean
capture time for the ligand

Rl
WL(E’ 0: (ﬂ) - ELfL (0c1 Ey 0: ‘P)v (21&)

where

2(2
S1(0::5,6,0) =) — B, + E(ﬁ_

o)
6 1 - cosﬂc) (21b)

and we define the dimensionless integrals

1
a = F.[[y G(£,6,0:8.0,¢)dV’ (2l¢)

o =% [[ G(L 6, ¢; 1,0, o)dS".

S sink

(21d)

The major approximation of our technique is to treat the
sink as a point on the sphere and satisfy solvability and
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boundary condition Eq. 5a on the average. This assumption
is reasonable for small 6, and for points far from the sink.
An alternative would be to satisfy Eq. Sa only at the center
of the sink by replacing 8, and 8, by

o e a AL
8- [[] 6.0.0g.0000d0  (222)

8, f G(1,0,0; 1,8, &)dS". (22b)

1

R S sink

Integrals were evaluated numerically using Gauss-
Legendre quadrature. For 6, less than 1 radian, the value of

1is within 2.5% of 8,, and the value of 8%is within 8.0% of
B,. 85 was used in calculations instead of 8, because of its
convergence properties.

We assume that all ligand molecules dissociate from
their receptors before a tubule forms. Therefore we aver-
age over all possible initial positions within the volume of
the sphere to obtain the averaged mean capture time for
the ligand, W,

2
W, - -1, 23)
L
where f;(6.) denotes the average over the sphere of
S8 £, 8, ). If we instead assume that ligand molecules
do not dissociate before a tubule forms, then an average of
W, over all possible initial positions on the surface of the
sphere will give the average time for a ligand molecule to
travel from a receptor to the tubule entrance. The results of

this calculation are very similar to the volume-averaged W,
(26).

RESULTS

The average times required by receptor and ligand mole-
cules to reach the tubule entrance are given in Eqs. 7 and
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FiGURE 3 Dimensionless times for ligand and receptor to reach the

tubule entrance as a function of the critical angle 4..
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23. Both are expressed as the product of the ratio R*/D,
and a factor f, the dimensionless time, which depends only
on the angle 8. The variations of the dimensionless times fg
and f; with 6. are shown in Fig. 3. As previously discussed
by Adam and Delbriick (19), this “tracking factor”f
reflects the dimensionality of the system: the two dimen-
sional fj varies as log (1/6.) and the three-dimensional f;
as 1/8, for smali 6. Because of this difference in dimen-
sionality, the dimensionless capture time for the ligand is
always greater than that for the receptor. As the angle 6,
decreases, both dimensionless times increase and the dif-
ference between the two also increases.

Examination of the numerical results for £, (8.) indicates
that as 6, decreases, the term (4 85/3 67) dominates Eq.
21b and that 85 can be approximated by 8, to within 9% for

0. < 0.1 radians and to <1% for 8, = 5 x 10~* radians.
Thus a good approximation for W, is
_ R 4
= — =0. ians. 4
L DL 3, 6. < 0.1 radians 24)

To compare the average times required by the molecules
to reach the sink, we calculate the ratio of the capture
times

Wa Di fa(8)

W, Dy fi6)’

which is independent of the radius R and a function only of
the angle 8, and the ratio of diffusion coefficients. In Fig. 4,
lines of constant Wy(68.)/ W (8.) are shown as a function of
6:' and Dg/Dy. It is clear that for a constant ratio of
diffusion coefficients, the receptor’s advantage of search-
ing for the tubule entrance in one less dimension than the

5)

ligand is greatest at small 6. In other words, for small
enough 6., the mean time for the receptor to reach the
tubule entrance can be less than that for the ligand
(Wr/ WL < 1) even though the ligand’s diffusion coefficient
is orders of magnitude greater than that for the receptor.

DISCUSSION

Mathematical Analysis

In this paper, we have solved mean capture time equations
in two and three dimensions with spherical geometry. The
two-dimensional problem is straightforward, but the three-
dimensional problem requires some care because it involves
a mixed boundary condition. Our approach to this latter
problem is guided by the work of other investigators on a
related problem, the calculation of the rate constant for
diffusion of ligand to cell surface receptors (20, 21, 22).
This problem requires the solution of the diffusion equation
with mixed boundary conditions. These boundary condi-
tions result from the situation where part of the surface is
covered with absorbers (receptors) while the remainder of
the surface is reflecting. Fortunately, one can postulate a
constant ligand concentration infinitely far from the cell
and thus solve the steady state diffusion equation. To solve
the equation describing this problem, Laplace’s equation
on the exterior of a sphere, several methods have been used.
We note particularly the method of Brunn (22), who treats
the absorbing boundary condition as an unknown inhomo-
geneity in flux and solves the problem approximately using
Green’s functions. Shoup et al. (27) also solve for an
unknown flux at a sink and use this in obtaining rate
constants for different geometries.

To find the rate constant for ligand entry into a tubule,

Ratio of Diffusion Coefficients,

sl

—

T

Lol . L

1078 107 1073
Critical Angle, 6, (radians)

102 107! 1.0

FIGURE 4  Ratio of receptor capture time, W,, to ligand capture time, W, as a function of the ratio of diffusion coefficients and the critical
angle. The curve W,/ W,_ — 1 separates two regimes: when W,/ W, < 1, receptors are able to find the tubule entrance more rapidly than ligand
molecules and when WR/ W_ > 1, ligand molecules are able to find the tubule entrance more rapidly than receptors. Estimated parameter

values lie within the boxed region.
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our problem, the solution to the diffusion equation within a
sphere with mixed boundary conditions on the surface of
that sphere is needed. Because there is no infinite source of
ligand for this interior problem, the equation cannot be
solved at steady state. This complication is avoided by
instead using the mean capture time equation, derived by
Berg and Purcell (20) and Szabo et al. (23), to calculate
the time required for a ligand molecule to reach the tubule
entrance. If the tubule entrance can be considered per-
fectly absorbing, then this mean time—averaged over the
volume or surface area of the sphere to account for all
possible initial positions of ligand or receptor molecules—is
simply the inverse of the rate constant we seek. If, however,
the entrance is only partially absorbing, this first rate
constant for finding the entrance can be combined with a
second rate constant for adsorption or reaction, analogous
to the “encounter complex™ model of receptor-ligand bind-
ing (21, 28).

Thus we solve the mean time equation, Poisson’s equa-
tion inside a sphere with mixed boundary conditions on the
surface. To do this, an approximate Green’s function
technique is used. Following Brunn (22) we treat the
absorbing boundary condition as an unknown inhomogene-
ity in flux. A volume integral is used to account for the
inhomogeneity in the equation itself. Qur result can be
expressed as the product of a ratio, R*/Dy, and a factor
f1(8,), which is plotted in Fig. 3. For small 8., we obtain the
approximate result given in Eq. 24.

This result can be compared with the results of similar
calculations in the literature, as shown in Fig. 5, in order to

—| 2b [

FIGURE 5 Geometries for comparison of ligand capture times. (a)
Diffusion within a sphere to a hole on the surface. (4) Diffusion to a hole
on an infinite plane. (¢) Diffusion within a hemisphere to a smaller
concentric hemisphere (19).

discern the influence of geometry on the ability of a ligand
to find a generalized surface reaction site. The diffusive
current of ligand to a perfectly absorbing circular cell
surface receptor is equivalent to the diffusion of molecules
to a circular sink on an infinite plane in the limit of an
infinitely small receptor. As found by Hill (29) and by
Berg and Purcell (20), the rate constant k is equal to 4Db
where D is the diffusion coefficient and b the radius of the
sink. Shoup and Szabo (30) show that the first passage
time, the quantity we refer to as W, is equal to a volume
divided by this rate constant. The appropriate volume is
that of our vesicle, 4rR*/3, and for the same size sink we
set b equal to Ré.. Thus the mean time W'F for diffusion to
a sink on a flat plate is equal to

—p R* =

Wi = FL . 3_0(: . (26)
W' is smaller than our result because of geometrical
differences between the problems. In our problem, shown
in Fig. 5 a, ligand moves within a sphere to a hole on the
surface of that sphere. As shown in Fig. 5 b, the volume
used for diffusion to a flat plate should be placed so that

3
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FIGURE 6 Effect of geometry on ligand capture times. Curves corre-
spond to the geometries shown in Fig. 5. In all cases, 8. = b/R. (a)
Diffusion within a sphere to a hole on the surface. Our result is replotted
from Fig. 3. (b) Diffusion to a hole on an infinite plane. For p =
23R, WD /R? = x/36,. (c) Diffusion within a hemisphere to a
smaller concentric hemisphere. For p = 2'/°R, and x = 27'/%4,,

2B = x)XS + 6x + 3x* + x7)
15x(1 + x + x%)

WD /R? - (reference 23).
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the hole is most accessible to the ligand: that is, as a
hemisphere that has as its center the hole. Although the
radius p of this hemisphere is greater than R in order that
the hemisphere volume is equal to the volume of a sphere
with radius R, the average distance traveled to the sink is
less than in Fig. S a. So it is clear that our result should be
greater than the result for diffusion to a hole on a flat plate
for purely geometric reasons.

Second, we compare our result with that of Adam and
Delbriick (19), as simplified considerably by Szabo et al.
(23), who calculated the mean time for a molecule within a
hemisphere of radius p to diffuse to the surface of a smaller
concentric hemisphere of radius b (see Fig. 5 ¢). When p »
b, their results are well approximated by a time of p2/3D6
where 6 equals b/p. To equate the volume of this outer
hemisphere with our sphere and the sink radius with our
radius b, we set p equal to 2'/>R and b équal to Ré,. Thus
Adam and Delbriick’s result becomes

_, R* 2

Wi = PRER 27)
which is smaller than Berg and Purcell’s result because the
inner hemisphere is slightly easier to find than the hole of
Fig. 5 b. Our result is the largest of the three, illustrating
the effect of geometry. In Fig. 6, we plot the three results
over a range of sink sizes.

The effect of geometry is also demonstrated by the
influence of dimensionality on the transport rate constants.
The receptor searches for the tubule entrance in one fewer
dimension than the ligand, and this dimensionality advan-
tage can outweigh the ligand’s advantage of a greater
diffusion coefficient when the critical angle is small
enough.

Biological Implications

Because an equilibrium mechanism does not explain the
observed intracellular segregation of receptor and ligand
molecules within CURL, the sorting chamber for the cell,
two kinetic schemes for the separation are suggested. First,
we propose that receptors may be able to move into CURL
tubules from the vesicular region of CURL more rapidly
than ligand molecules due to an advantage in dimen-
sionality. Alternatively, we consider the possibility that
receptors diffusing into tubules are trapped there whereas
ligand molecules are free to diffuse back out of the tubule.
The evaluation of these possible sorting mechanisms
requires the calculation of the rates at which receptor and
ligand molecules move into CURL tubules.

Beginning with a simple model of CURL, a single
vesicle with an attached thin tubule, we calculate the
capture time, or time to reach the tubule entrance, for
molecules placed randomly within the vesicle and moving
by passive diffusion. Our calculated capture times for the
receptor and ligand are a function of three parameters of
the system: the vesicle radius, the tubule radius, and the
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appropriate diffusion coefficient. To compare the receptor
and ligand capture times, the ratio of times Wp/W, as a
function of the ratio of diffusion coefficients Dy/D, and
the ratio of the tubule radius to the vesicle radius b/R (or
8.) is plotted in Fig. 4. The curve of parameter values for
which the ratio We/W, is equal to one separates two
regimes in the figure. When the value of the ratio is greater
than one, the transport of receptors to the tubule is slower
than the transport of ligand molecules, and when the value
is less than one, receptors diffuse to the tubule entrance
more rapidly than ligand. Using the appropriate parameter
values, the regime in which the CURL is likely to operate
can be determined.

From electron micrographs, Geuze et al. (12) and
Marsh et al. (15) obtain values for the vesicle radius R and
tubule radius 4. The parameter ranges and the caiculated
range of values for 8, are given in Table I. The diffusion
coefficients Dg and D, within an endosome are not known,
so we postulate that they are not significantly different
from the diffusion coefficients for ligand free in solution
and receptors on the cell surface. Thus we estimate that D,
is 107°-10"7 cm?/s and Dg is 1073-10~"" cm?/s (31, 32).
Assuming these parameter values to be accurate, we can
determine from the region inside the dashed lines in Fig. 4
that Wy(8,) is likely 10 to 100 times greater than W, (6.).
Thus the endosome operates in the regime for which
Wa/ W, is greater than one, implying that the cell cannot
sort the receptors into a tubule before a significant amount
of ligand reaches the tubule. In fact, these parameter
values indicate that ligand will have equilibrated through-
out the vesicle and tubule volumes by the time an appre-
ciable number of receptors have diffused into the tubule.
Thus our analysis reveals that our first proposed separation
scheme is unlikely; the ligand’s advantage of a greater
diffusion coefficient predominates over the receptor’s
advantage in dimensionality.

It is possible, however, that the parameter values used
are inaccurate and that receptors do reach the tubule more
rapidly than ligand molecules. The tubule radius may be
much smaller at the entrance than where it is measured,
further down the tubule. Such a constriction would
decrease 8, considerably and greatly increase the receptor’s
dimensionality advantage over the ligand. For example, if

TABLE I

Model parameter Range

107°-4 x 103 cm
5x107-3 x 10~%cm
0.0125-0.30 radians
107%-10"" cm?/s
10~°-10"" cm?/s

Vesicle radius, R

Tubule radius, b

Critical angle, 8,

Receptor diffusion coefficient, Dy
Ligand diffusion coefficient, Dy

Parameter values. Values for R and b are taken from references 12 and 15
and used to calculate 8. Diffusion coefficients are estimated as described
in the text.
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the tubule radius at the entrance is constricted to 25 A, the
vesicle radius is 4 x 10~°cm, and Dg/D, is equal to 0.1,
then the receptor would move into the tubule about twice
as fast as the ligand. At such small tubule diameters, the
finite size of the ligand becomes important. The ligand
effectively sees a smaller 6, than the ratio b/ R and this will
further decrease the ratio V_VR/ W.. In addition, the diffu-
sion coefficients may have been inaccurately estimated. To
our knowledge, no one has measured diffusion coefficients
within an endosome, and Dy may be enhanced over its
plasma membrane value or D; may be less than its value in
free solution. These changes in the values of the diffusion
coefficients would decrease the ratio Wy /W, .

Another possible mechanism could move receptors into
the tubule at a greater rate. If tubules bud from vesicles,
drawing membrane from the vesicle itself, then it is not
difficult to envision a convective membrane current pulling
the receptors toward the tubule entrance (33, 34). This is
diagrammed in Fig. 7. Depending upon the magnitude of
the convective current, this could be the primary mecha-
nism for moving the receptor population.

At present, however, we believe that our model assump-
tions are reasonable and our parameter values are repre-
sentative. The cell apparently cannot sort receptor and
ligand molecules by taking advantage of a difference in the
dimensionality of their diffusion processes.

As a second possible sorting mechanism, we suggested
that receptors diffusing into tubules are trapped there.
From the calculated rate constant for movement of free
receptors into a tubule, the length of time a vesicle and
tubule must remain connected in the CURL in order to
allow the movement of a substantial fraction of receptors
into the tubule can be estimated. Receptors not diffusing
into a tubule within this sorting time might then be
degraded in lysosomes with the ligand molecules. For a
reasonable choice of parameter values, a vesicle radius of
4 x 1073 cm, a tubule radius of 100 A, and a diffusion
coefficient of 107'° cm?/s, one can calculate that the mean
time Wy is equal to 2.1 min. Assuming a first-order process

FIGURE 7 Convective membrane current. Lengthening tubule draws

membrane from vesicle, pulling receptors into the tubule. Membrane
might be donated from new endosomes fusing with the vesicle.

(23), 90% of the receptors will have moved into the tubule
by 5 min. This is a significant portion of the time necessary
to complete the endocytic cycle and also falls near experi-
mental estimates of the time a receptor spends inside the
cell (5, 16, 35). Thus, we have a means of estimating the
time required to sort the two populations after the acidic
environment of the endosome has released the ligand from
the receptor.

Because ligand molecules apparently equilibrate
throughout the vesicle and tubule volumes within this
sorting time, we suggest that a fraction of the ligand is
“mis-sorted” into the tubule with the recycling receptors
and will be exocytosed. Such exocytosis has been detected
by a number of researchers: for monovalent Fab fragments
(7), and asialoglycoproteins (17, 36). The fraction of
ligand in the tubule at equilibrium can be calculated from
the volumes of each compartment and knowledge of the
partition coefficient. The partition coefficient K is equal to
the ratio of the ligand concentration in the tubule to the
concentration in the vesicle and is found from

K=(1-=2\3 (28)

where X is equal to d/2b and d is the diameter of the ligand
molecule (37). For example, ASOR has an approximate
diameter of 40 A! and, for a tubule diameter of 100 A, the
partition coefficient is equal to 0.36. If the tubule volume is
25% of the total CURL volume, then 10% of the ligand
would be found in tubules at equilibrium. Assuming that
the tubule becomes the recycling vehicle without losing this
ligand, this is the fraction of ligand that would be exocy-
tosed. We suggest then, that the cell allows this small
fraction of ligand to be returned to the cell surface in
enabling the receptors to recycle. Although there are other
cellular mechanisms, such as reversible pinocytosis (39),
which can result in exocytosis of ligand, we believe that this
“mis-sorting” also may provide a mechanism for returning
ligand to the cell surface.

CONCLUSION

Two possible sorting mechanisms, based on molecular
movement by pure diffusion, have been examined. For
what we believe to be reasonable model assumptions and
representative parameter values, only the second mechan-
ism can account for the observed sorting of receptor and
ligand molecules. On the basis of our analysis, then, we
suggest that receptors diffuse into CURL tubules and are
trapped there, while ligand molecules equilibrate between
the vesicular and tubular volumes of CURL. The time
necessary for a significant fraction of receptors to diffuse
into a tubule and the fraction of ligand found with the

'Molecular weight of ASOR is ~40 kD. Molecular diameter is estimated
from the molecular weights and diffusivities of macromolecules of similar
size and the Stokes-Einstein relation (38).
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receptors in those tubules, and thus exocytosed, can be
calculated.

Although one might expect cells to sort the receptor and
ligand populations very efficiently, our analysis indicates
that this is not the case. We have shown that a kinetic
scheme based on molecular movement by diffusion does
allow a separation but that the efficiency of the separation
is <100%. Quantitative experimental confirmation of the
“mis-sorting™ of ligands (ligand exocytosis) and of recep-
tors (receptor degradation) and more detailed modeling
will further elucidate the mechanism of the sorting pro-
cess.

Finally, additional modeling work needs to be pursued.
Even at the low endosome pH, all ligands may not disso-
ciate from their receptors. We are currently examining the
consequences of this failure to dissociate, particularly as it
may explain the effects of ligand valency and affinity on
sorting (7, 17, 18).
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